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Abstract
The inﬂuence of uncertainties of input parameters on output response of composite structures is investigated in this paper. In partic-
ular, the eﬀects of deviations in mechanical properties, ply angles, ply thickness and on applied loads are studied. The uncertainty prop-
agation and the importance measure of input parameters are analysed using three diﬀerent approaches: a ﬁrst-order local method, a
Global Sensitivity Analysis (GSA) supported by a variance-based method and an extension of local variance to estimate the global var-
iance over the domain of inputs.
Sample results are shown for a shell composite laminated structure built with diﬀerent composite systems including multi-materials.
The importance measures of input parameters on structural response based on numerical results are established and discussed as a func-
tion of the anisotropy of composite materials. Needs for global variance methods are discussed by comparing the results obtained from
diﬀerent proposed methodologies. The objective of this paper is to contribute for the use of GSA techniques together with low expensive
local importance measures.
Keywords: Uncertainty; Composite structures; Local importance measure; Global variance-based; Global approachst 
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l 1. Introduction
Structural applications of laminate composite materials
have increased due to their excellent speciﬁc stiﬀness and
low weight together with reduced energy consumption.
Variations of manufacturing process parameters and envi-
ronment aspects may aﬀect quality and performance of the
product with consequences to its structural behaviour.
Robust design optimisation (RDO) searches for safe struc-
tural systems with minimal variability in the response when
subjected to uncertainties at the input parameters. The
robust design procedure pursues two main objectives: keep-
ing at an acceptable level the variations of the structural
Not many researchers have developed models for robu
design of composite structures considering uncertainty a
input parameters. Oh and Librescu [1] address the problem
of alleviating the eﬀects of unavoidable parameter unce
tainties for free vibration of composite cantilevers unde
uncertainties at layer thickness, elastic constants and pl
angle. The structural tailoring technique was applied t
design laminated composite structures identifying the les
sensitive performance properties to uncertainties of th
input parameters. Noor et al. [2] studied the variability o
non-linear response of stiﬀened composite panels due t
variations in geometric and material parameters. Sing
et al. [3] investigated the inﬂuence of variations of materiaperformance and controlling the magnitude of uncertainty
at the input parameters.
properties on the elastic stability of laminated composite 
panels. Adali et al. [4] developed a model aimed at the opti-
d 
r-
-
gmal design of composite laminates under buckling loa
uncertainty. In this model loads belong to a given unce
tainty domain. Walker and Hamilton [5] described a proce
dure to design symmetric laminates for maximum bucklin
load under manufacturing uncertainty in ply-angle design
variable. Gumbert and Newman [6] analyse the eﬀect of
geometric uncertainty in shape parameters in a 3-D ﬂexible
wing. Yang et al. [7] investigated the stochastic bending
response of compositionally graded plates with uncertain-
ties of low variability in thermal and mechanical properties,
volume fraction and load intensity. Using a Monte Carlo
analysis Ramroth et al. [8] estimated the uncertainty in
thermal behaviour due to changes in thermo-mechanical
input parameters.
An important task of robust design research is the devel-
opment of uncertainty assessment methods for structural
applications. Although several methods have been pre-
sented for uncertainty assessment [9,10] it was not proven
their eﬃciency in particular when applied to composite
structures. Most of the researchers referred in applications
with composite structures [1–8] used local importance mea-
sures centred on mean values of input parameters and
needs for Global Sensitivity Analysis (GSA) on the uncer-
tainty response of composite structures were unexplored
staying an open issue. The objective of this paper is to con-
tribute for the use of GSA techniques together with low
expensive local importance measures.
The paper is organised as follows: ﬁrst, the modelling of
composite shell structures is summarised and output
response functions are deﬁned. Second, a local method for
uncertainty propagation on output responses is established.
This method is based on ﬁrst-order Taylor expansion and
uses an adjoint procedure for sensitivity analysis. The coef-
ﬁcient of variation and local variance decomposition tech-
nique are used. Third, a Global Sensitivity Analysis
(GSA) is presented namely a variance-based method is
developed. The ﬁrst-order sensitivity index proposed by
Sobol [11] is adopted together with a methodology based
on Monte Carlo simulation for GSA evaluation. Fourth,
an approach based on local uncertainty propagation evalu-
ation is extended over the whole domain of input parame-
ters. The objective is to estimate the global variance and
this way overcoming the expensive costs associated with
variance-based methods. Finally, results obtained from
the uncertainty analysis are presented and discussed. Com-
parison of approaches is established particularly for the
case of uncertainties in ply mechanical properties of com-
posite laminates.2. Response of composite structures
2.1. FEM formulation
The structural analysis of laminated composite struc-
tures is based on the shell ﬁnite element model developed
by Ahmad [12] and further improvements [13]. This shell
element is obtained from a 3-D ﬁnite element using a
degenerative procedure. It is an isoparametric element with
eight nodes and ﬁve freedom degrees per node based on the
Mindlin shell theory. The shell consists of a number ofperfectly bonded plies. Each individual ply are assumed
homogeneous and anisotropic.
The displacement vector at each kth node is
dk ¼ ðuk; vk;wk; b1k; b2kÞ ð1Þ
with three independent translations uk, vk, wk and two inde-
pendent rotations b1k, b2k. The displacement vector of the
element is
de ¼ ðd1; . . . ; dk; . . . ; dnÞ ð2Þ
being n the number of degrees of freedom of the element.
The displacement ﬁeld in the ith element can be expressed
as
ui ¼
Xn
k¼1
Nkðn; gÞumidik þ Nkðn; gÞ
1
2
fhk v1kv2k½ ðb1k; b2kÞT
 
ð3Þ
where Nk(n,g) are the shape functions, (n,g,f) is the local
curvilinear coordinate system being n and g deﬁned in the
middle plan of the shell element and f is the coordinate
associated to the thickness direction. In Eq. (3) umidik is the
displacement vector of the kth node referred to the middle
surface of the shell, hk is the thickness deﬁned by upper and
lower surfaces of the shell at the kth node and v1k and v2k
are the cosines of the nodal coordinate system associated
to the middle surface.
The stress and strain are referred to local coordinate sys-
tem (X0,Y0,Z0) related with the surface f taken as constant.
The strain vector is
e0 ¼
e0x
e0y
c0xy
c0xz
c0yz
8>>><
>>>>:
9>>>=
>>>>;
¼
ou
ox0
ov
ox0
ou
oy0 þ ovox0
ou
oz0 þ owox0
ow
oy0 þ ovoz0
8>>><
>>>>:
9>>>=
>>>>;
ð4Þ
In general it can be written the following strain–displace-
ment relationship:
e0 ¼ Bu ð5Þ
where B is the strain matrix and u is the displacement
vector.
The stress–strain constitutive relations can be written as
r0 ¼ D0e0 ð6Þ
being the stress and strain vectors deﬁned as
r0 ¼ ðsx0 ; sy0 ; sx0y0 ; sx0z0 ; sy0z0 Þ ð7Þ
e0 ¼ ðex0 ; ey0 ; cx0y0 ; cx0z0 ; cy0z0 Þ ð8Þ
and the matrix D0 with the elastic constants is for each ply
D0 ¼ TTDT ð9Þ
D ¼ D1 0
0 D2
 
ð10Þ
with
D1 ¼
E1
1m12m21
m21E2
1m12m21 0
m12E2
1m12m21
E2
1m12m21 0
0 0 G12
2
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3
75 ð11Þ
D2 ¼
k1G13 0
0 k2G23
 
ð12Þ
where the elastic constants of orthotropic ply are the longi-
tudinal elastic modulus E1, the transversal elastic modulus
E2, the in-plane shear modulus G12, the out-of-plane shear
modulus G13 and G23 and the in-plane Poisson’s ratio m12.
The constants k1, k2 are shear correction factors [13].
In this work it is considered the linear elastic behaviour
of composite structures with the equilibrium equation set
established as
Ku ¼ F ð13Þ
where K is the stiﬀness matrix with each element calculated
as
Ke ¼
Z
V e
BTD0BdV e ð14Þ
being u the displacement vector and F the applied external
loads vector. Other details of the ﬁnite element formulation
are reported in references [12,13].
2.2. Response functions
Consider the system response of the composite structure
under static loading represented by the function W(X) with
p input parameters denoted as X = (X1, . . . ,Xp). In the
present work the system response is obtained as a function
of the displacement and stress obtained after the structural
analysis and it can be written as
WðXÞ ¼ uðXÞRðXÞ T ð15Þ
where u is the absolute value of maximum displacement
and R the critical Tsai number. The maximum displacement
on the structure is deﬁned as,
u ¼ Maxðju1j; . . . ; juNd jÞ ð16Þ
being Nd the total number of displacements. Deﬁning the
Tsai number Rk as a strength/stress ratio [14] it can be
introduced in the interactive quadratic failure criterion of
Tsai-Wu and calculated at the kth point of the structure
where the stress vector is evaluated, by solving the equation
1 ðF ijsisjÞR2k þ ðF isiÞRk ¼ 0 ð17Þ
being si components of the stress vector, Fij and Fi the
strength parameters associated with unidirectional rein-
forced laminate deﬁned from the macro-mechanical point
of view [14]. Since the safe region is related to Rk > 1, the
critical Tsai number can be established as
R ¼ MinðR1; . . . ;Rk; . . . ;RN sÞ ð18Þ
where Ns is the total number of points where the stress vec-
tor is evaluated.3. Local importance measure for uncertainty analysis
The proposed approach is based on ﬁrst-order approxi-
mation in the neighbourhood of nominal values of the
input parameter vector X0 [15] and is known as diﬀerential
analysis [9]. The ﬁrst-order Taylor expansion of the struc-
tural response function W(X) around the nominal values
X0 is deﬁned as:
WðXÞ ¼ WðX0Þ þ dW ﬃ WðX0Þ þ SdX ð19Þ
where S is a rectangular matrix of order 2  n with compo-
nents representing the sensitivity of the jth response to the
ith system parameter. Eq. (19) can be written as
WðXÞ ¼ uðXÞ
RðXÞ
 
ﬃ uðX
0Þ
RðX0Þ
" #
þ
ou
oX 1
ðX0Þ    ouoXn ðX
0Þ
oR
oX 1
ðX0Þ    oRoXn ðX
0Þ
" # ðX 1  X 01Þ
..
.
ðXn  X 0nÞ
2
664
3
775
ð20Þ
The expectation of W is obtained using Eq. (20):
EhWðXÞi ¼ EhuðXÞi
EhRðXÞi
 
ﬃ uðX
0Þ
RðX0Þ
" #
þ
ou
oX 1
ðX0Þ    ouoXn ðX
0Þ
oR
oX 1
ðX0Þ    oR
oXn
ðX0Þ
2
64
3
75
EhX 1  X 01i
..
.
EhX 1  X 01i
2
664
3
775
ð21Þ
or using (20) in close form as
EhWðXÞi ﬃ WðX0Þ þ SEhX X0i ð22Þ
being S the sensitivity matrix and ﬁnally:
EhWðXÞi ﬃ WðX0Þ ð23Þ
The variance–covariance matrix CW for W is deﬁned as
CW ¼
varðuÞ covðR; uÞ
covðu;RÞ varðRÞ
" #
ð24Þ
that by deﬁnition is
CW ﬃ EhðWðXÞ WðX0ÞÞðWðXÞ WðX0ÞTi ð25Þ
Using Eq. (20) the variance–covariance matrix is obtained
[15] as follows:
CW ﬃ SCxST ð26Þ
where Cx is the covariance matrix for parameters
(x1, . . . ,xn) with components deﬁned as
ðCxÞij ¼
covðxi; xjÞ ¼ qijrirj; qij  correlation coefficient
i 6¼ j;
varðxiÞ ¼ r2i ; i ¼ j
8><
>:
ð27Þ
Eq. (26) is known as the uncertainty propagation equation.
Corresponding equations for the propagation of higher-
order moments become very complex and are not consid-
ered in this work. From Eq. (26) for the propagation of
uncertainties it is observed the dependence of the covari-
ance matrix CW relatively to the sensitivity matrix S.
The components of the sensitivity matrix S are total
derivatives evaluated using the adjoint sensitivity analysis
procedure. Considering the implicit and the explicit rela-
tionship between the functional response and the input
parameters the adjoint variable method is based on two
steps. For a given functional Wm(x) = Wm(X1, . . . ,Xn) the
proposed adjoint procedure follows:
1. Considering the independence of F to the displacements
u in equilibrium Eq. (13), the adjoint set of equations is
obtained
KðXÞ/ ¼ oWmðu;XÞ
ou
ð28Þ
2. Get the sensitivities from the equation,
dWm
dX
¼ oWmðu;XÞ
oX
 /T oKðXÞ
oX
u ð29Þ
where / is the vector associated to adjoint displacement
ﬁeld, oWmðu;XÞou represents the adjoint forces vector.
Taking the components of the variance–covariance
matrix CW deﬁned from Eqs. (24)–(26) it is possible to cal-
culate the coeﬃcient of variation as the importance measure
of each input parameter on uncertainty propagation of the
response functionWm(X). The coeﬃcient of variation for the
response functional deﬁned in Eq. (15) is
C:V:u ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
varðuÞp
Ehuij j ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
varðuÞp
u
ð30Þ
C:V:R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
varðRÞ
p
EhRi		 		 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
varðRÞ
p
R
ð31Þ
The local importance measure of the uncertainty propaga-
tion on response is implemented using two approaches: a
group analysis and a joint analysis.
The ﬁrst analysis is based on grouping the input param-
eters with uncertainty according to their characteristics. In
the present model four groups of input parameters are
considered:
– Elastic and strength properties of the laminate (p).
– Ply angle (a).
– Thickness of the laminate (h) and
– Point loads (F) applied on the structure.
The input parameter vectors are denoted by Xp, Xa, Xh and
XF respectively. The coeﬃcients of variation C:V:u(%) and
C:V:Rð%Þ are obtained within each group considering only
the variation of input parameters belonging to the group
and keeping the remaining ones without variation.
The second analysis is performed using the joint contri-
bution of all input parameters to study the uncertainty
propagation on structural response.The two types of analysis described above can be imple-
mented using the known variance-based decomposition
technique applied to each group of input parameters. How-
ever, this decomposition uses the local measure impor-
tance. Denoting by Xg each of the previous groups the
corresponding fractional contribution to the variance of
Wm is written as
varðWmðXgÞÞ ¼
P
Xj2Xg
oWmðX0Þ
oX j

 2
varðX jÞ
varðWmÞ ð32Þ
The above local importance measure is denoted by ex-
plained variance and has the following additive property:
varðWmðXpÞÞ þ varðWmðXaÞÞ þ varðWmðXhÞÞ
þ varðWmðXF ÞÞ ¼ 1 ð33Þ
that is a consequence of the ﬁrst-order Taylor expansion of
structural response function adopted in Eq. (19) and con-
sidering non-correlated input parameters.4. Global Sensitivity Analysis
The previously local measures of sensitivity are not
enough for a fully evaluation of the inﬂuence of input
parameters on structural response uncertainty [16,17].
The evaluation of the uncertainty propagation on
response in the neighbourhood of mean values of input
parameters is limitative. To analyse the inﬂuence of indi-
vidual parameters and parameter groups on the uncer-
tainty at the output structural response Wm Global
Sensitivity Analysis (GSA) techniques must be used. Glo-
bal Sensitivity Analysis denotes the set of methods that
consider the whole variation range of inputs and tries to
share the output response uncertainty among the input
parameters.
4.1. Global variance-based method
Among GSA techniques the variance-based methods are
the most appropriated [17]. However its application for
composite structures is complex and expensive from the
computational point of view. In this work the variance-
based methods is applied to a group of input parameters
namely the physical properties of composites and then
compared with local importance measures.
Assuming that X = (X1, . . . ,Xn) are n independent input
parameters and Wm is the model function previously
deﬁned, an indicator of the importance of an input param-
eter Xi could be based on the outcomes of the variance of
Wm if Xi is ﬁxed at its true value xi : varðWmjX i ¼ xi Þ. This
is the conditional variance of Wm given X i ¼ xi . However,
in most cases the true value xi of Xi is not known and then
to overcome this diﬃculty the average of the conditional
variance under all possible values for Xi denoted by
Ehvar(WmjXi)i, is calculated. Considering the following
algebraic property:
varðWmÞ ¼ varðEhWmjX iiÞ þ EhvarðWmjX iÞi ð34Þ
the variance of the conditional expectation var(EhWmjXii)
can be used as an indicator of the importance of Xi on
the variance of Wm. This indicator is directly proportional
to the importance of Xi. A normalised index can be estab-
lished using the conditional expectation as
Si ¼ varðEhWmjX iiÞ
varðWmÞ ð35Þ
named ﬁrst-order sensitivity index by Sobol [11]. Further-
more, Sobol proposed a complete variance decomposition
of the uncertainty associated with Wm into components
depending on individual parameters and interactions be-
tween individual parameters. This procedure explains the
variance var(Wm) as a contribution of the partial variance
associated to each individual parameters or each parameter
groups as
varðWmÞ ¼
X
i
V i þ
X
i<j
V ij þ
X
i<j<k
V ijk þ    þ V 12...n ð36Þ
where
V i ¼ varðEhWmjX iiÞ ð37Þ
V ij ¼ varðEhWmjX i;X jiÞ  V i  V j ð38Þ
V ijk ¼ varðEhWmjX i;X j;X kiÞ  V ij
 V jk  V ik  V i  V j  V k
ð39Þ
and assuming that all input parameters are independent in
this approach. From this decomposition higher-order sen-
sitivity indices can be established in particular the sec-
ond-order sensitivity index as:
Sij ¼ V ij
varðWmÞ ð40Þ
The second-order index Sij deﬁnes the sensitivity of the
structural response Wm to the interaction between Xi and
Xj, i.e. the portion of the variance of Wm that is not in-
cluded in the individual eﬀects of Xi and Xj. The sum of
all order indices is equal to 1 in case all input parameters
are independent.
It should be referred that all terms in Eq. (36) involving
more than one input parameter in the summation are equal
to zero if Wm has the additive property:
WmðXÞ ¼
Xn
i¼1
uðX iÞ ð41Þ
In this case varðWmÞ ¼
P
iV i and the importance of the in-
put parameters with respect to response uncertainty is gi-
ven by Si. An example of the additive property is the
approximation model of Eq. (20) based on Taylor expan-
sion. However this model is only valid in a neighbourhood
of nominal values of input parameters. In general it is ex-
pected that Wm is not additive relatively to the input
parameters and some interactions between parameters.4.2. GSA evaluation using Monte Carlo simulation
An exhaustive sensitivity analysis should provide the esti-
mation of ﬁrst and second-order indices. One of the prob-
lems using global sensitivity indices is the computational
cost. Due to the large number of input parameters in the
uncertainty propagation analysis on composite structures,
Finite Element Method evaluations become very expensive.
In this work theMonte Carlo simulations is used for the esti-
mation of GSA indices. To reduce the computational costs
the analysis is implemented using groups of input parame-
ters and considering only the ﬁrst-order sensitivity index.
The proposed methodology is based on the following
algorithm:
1. Let us consider p groups of non-correlated input
parameters p = (p1, . . . ,pp) following a normal distri-
bution N with mean pi and standard deviation ri rep-
resented by pi 	 N pi; rið Þ.
2. Considers a set of random numbers, Cfix ¼
ðk1; . . . ; kNf Þ, following a standard normal distribu-
tion N(0,1). These random numbers are used to gen-
erate the ﬁxed values of the input parameter pi:
3. For each input parameter pj 6¼i a sample matrix is gen-
erated by independently collecting samples of (p  1)
random numbers following a normal distribution
N(0,1):Ma ¼
a1;1 . . . a1;p1
..
. . .
. ..
.
aNr ;1    aNr;p1
2
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3
775 ð42Þwhere the size of the sample is Nr.
4. Repeat for each input parameter pi, i = 1? pDo k = 1? Nf
Do q = 1? Nr
pk;qj ¼
pj þ kkrj if j ¼ i
pj þ aq;jrj if j 6¼ i

for j ¼ 1; . . . ; p ð43Þ
Evaluation of the structural response: Wm(p
k, q), being
the vector pk,q nominal values of p, with components
pk;qj .
End Do
Estimate the conditional expectation of structural
response function Wm by
EhWmjpii 
 Wkm ¼
1
Nr
XNr
q¼1
Wmðpk;qÞ ð44Þ
End Do
Estimate of the mean values
Wm ¼ 1Nf
XNf
k¼1
Wkm ð45Þ
Estimation of the variance of the conditional expecta-
tion of structural response, ﬁxing the input parameter
pi:
varðEhWmjpiiÞ 
 1Nf  1
XNf
k¼1
Wkm Wm

 2
ð46Þ
End repeat
5. Estimation of variance of structural response var(Wm)
considering the previous NT = Nr  Nf  p simula-
tions for Wm:EhWmi¼ 1NT
Xp
i¼1
XNf
k¼1
XNr
q¼1
Wmðpk;qÞ
 
i
ð47Þ
varðWmÞ¼ 1NT 1
Xp
i¼1
XNf
k¼1
XNr
q¼1
Wmðpk;qÞ
 
i
EhWmi
n o2
ð48Þ6. Calculation of the global sensitivity index:Si ¼ varðEhWmjpiiÞ
varðWmÞ i ¼ 1; . . . ; p ð49ÞA
B1
2
2
1
3
4
kP
Laminate 
nr. 0,02 m5. Global variance from local measure: an approach
The local analysis presented in Section 3 and deﬁned
by Eq. (25) based on the evaluation of the vari-
ance–covariance matrix of output response functions W
is valid only at the neighbourhood of the nominal values
and the exact value is obtained in case of linear behav-
iour. However, this local analysis can be extended to
all nominal values belonging to the domain of input
parameters. For this, the following approach for uncer-
tainty analysis is applied:
1. Firstly, let us consider p groups of non-correlated input
parameters p = (p1, . . . ,pp) following a normal distribu-
tion N with mean pi and standard deviation ri repre-
sented by pi 	 Nðpi; riÞ. The kth vector of nominal
values of p is denoted by p0k ¼ ðp0k;1; . . . ; p0k;pÞ.
2. Consider a sample matrix Mp0 of nominal values gener-
ated by independently sampling of p random numbers
following a normal distribution p0k;i 	 Nðpi; riÞ:
Mp0 ¼
p01;1 . . . p
0
1;p
..
. . .
. ..
.
p0N s;1    p0N s;p
2
664
3
775 ð50Þ
3. Evaluate the variance–covariance matrix at the kth vec-
tor of nominal values of p as follows:
CkW ﬃ EhðWðpÞ Wðp0kÞÞðWðpÞ Wðp0kÞÞTifor k
¼ 1; . . . ;N s ð51Þ
or according to Eq. (26),AB side: 
constrained in  
y–axis direction 2 m
50º
2 m
3
4
x
y
z
a
Fig. 1. Cylindrical shell and angle-ply composite laminates distribution
(ply angle a referred to x-axis).CkW ¼
varðuÞk covðR; uÞk
covðu;RÞk varðRÞk
" #
ﬃ SkCxðSkÞT ð52Þ
4. Evaluate the average of the variance of output response
functions from the variance–covariance matrix CkW cal-
culated using the sample matrix Mp0 of nominal values:EðvarðuÞÞ ¼ 1
N s
XN s
k¼1
varðuÞk ð53Þ
EðvarðRÞÞ ¼ 1
N s
XN s
k¼1
varðRÞk ð54Þ6. Numerical studies
6.1. Local importance measures
Aiming to study the inﬂuence of input parameter devia-
tions on the structural response based on local importance
measure, a numerical example using composite laminated
materials is presented in this section. A clamped cylindrical
shell laminate structure is considered to test the proposed
approach as shown in Fig. 1. Nine vertical loads of mean
value Pk = 7 kN are applied along the free linear side
(AB) of the structure. This free linear side (AB) is con-
strained in y-axis direction.
The structure is divided in four macro-elements group-
ing all elements and there is one laminate per each
macro-element. The laminate distribution on structure is
shown in Fig. 1. A common type of composite laminate
is the angle-ply conﬁgurations [14] without bending-
stretching eﬀects due to the symmetry plan. In this investi-
gation the balanced angle-ply laminates with eight layers
and the stacking sequence [+a/ + a/  a/  a]s are consid-
ered in the symmetric construction. The ply angle a is
referred to the x-axis of the referential detailed in Fig. 1.
All laminates have the same mean thickness of hk = 0.02 m.
The use of multiple materials in composite laminates
construction is adopted for the shell structure of the pres-
ent example. Three composite systems are considered for
the material composition of laminates on structure:
– GFRP, E-glass/epoxy (1): The composite system of
epoxy resin reinforced by unidirectional ﬁbres of E-glass
known as Scotchply 1002 [14] with a ﬁbre volume frac-
tion of 0.450 is adopted for all laminates.
– CFRP, T300/N5208 (2): The composite system of epoxy
resin reinforced by unidirectional Carbon ﬁbres with a
ﬁbre volume fraction of 0.700 is adopted for all laminates;
– GFRP (1) & CFRP (2): The use of E-glass/epoxy (1)
composite system for laminates number 1 and 4 (see
Fig. 1) and Carbon/epoxy T300/N5208 (2) composite
system for laminates number 2 and 3 on structure.
The mean values of the elastic and strength properties of
the ply material used in the laminate construction of the
composite structure are presented in Table 1 [14]. The elas-
tic constants of the orthotropic ply are previously deﬁned
in Section 2.1. The ply strength properties are the longitu-
dinal strength in tensile X and in compression X0, the trans-
versal strength in tensile Y and in compression Y0, and the
shear strength S.
Fig. 2 presents the behaviour of structural response for
absolute value of maximum displacement u and critical
Tsai number R as the ply angle varies from 0 to 90.
The critical displacement decreases from a maximum abso-
lute value at 0 reaching at 90 a value corresponding to
7–9 times smaller than maximum depending on the lami-
nate material. The critical Tsai number increases 5–9 times
from a minimum value along the domain of ply angle a of
the laminate material. This shows the important inﬂuence
of anisotropy with consequences on uncertainties propaga-
tion. The mixed composite system GFRP (1) & CFRP (2)
exhibits an average maximum displacement between
GFRP, E-glass/epoxy and CFRP, T300/N5208. However
the critical Tsai number response functional is very similar
for GFRP (1) & CFRP (2) and GFRP but very diﬀerent for
CFRP.
To investigate the uncertainty propagation on response
of composite structure the input parameters with uncer-
tainty are grouped as deﬁned in a previous section: mechan-
ical properties group (p), ply-angle group (a), laminate
thickness group (h) and vertical point loads group (F). All
the input parameters with uncertainty are non-correlated.
The mechanical properties group (p) includes the follow-
ing uncertainty input parameters: longitudinal Young’s
modulus E1,j, transversal modulus E2,j, transversal tensile
strength Yj and shear strength Sj, where subscript denotes
the laminate number. The number of mechanical properties
considered as input parameters with uncertainty in this
analysis is sixteen: E1,j, E2,j, Yj, Sj, j = 1, . . . , 4. The choice
of these properties as input parameters with uncertainty
follows the conclusions of the previous parameterised
model presented by Anto´nio et al. [18]. However, the pres-
ent study can be extended to other input parameters with
uncertainty.Table 1
Mean values of mechanical properties of unidirectional composite layers
Material E1 [GPa]
T300/N5208 E-glass/epoxy (Scotchply 1002) 181.0
38.6
X; X0 [MPa]
T300/N5208 E-glass/epoxy (Scotchply 1002) 1500; 1500
1062; 610Since the balanced angle-ply laminates construction is
applied only one input parameter with uncertainty is con-
sidered in ply angle group (a).
The laminate thickness group (h) has four input param-
eters with uncertainty corresponding to each laminate
thickness: hj, j = 1, . . . , 4.
Finally the vertical point loads group (F) has nine com-
ponents applied on structure as shown in Fig. 1: Fk,
k = 1, . . . , 9.
To study the inﬂuence of uncertainties propagation on
the structural response variations at input parameters are
considered as follows:
– C.V.(p) = 6% in mechanical properties group (p).
– Standard deviation, r(a) = 5, in ply angle group (a).
– C.V.(h) = 6% in laminate thickness group (h).
– C.V.(F) = 6% in vertical point loads group (F).
where the coeﬃcient of variation of the input parameter Xi
was deﬁned as
C:V:ðX iÞ ¼ ri
X 0i
				
				 ð55Þ
being ri and X
0
i the standard deviation and the nominal va-
lue of input parameter respectively. In this case the mean
values are assumed as nominal values.
The analysis was implemented independently for each
group of input parameters using Eq. (24)–(26) and the
above uncertainty input conditions inside the referred
groups. Figs. 3–6 show results using the coeﬃcient of vari-
ation for the absolute value of maximum displacement on
the structure u and the critical Tsai number R given as func-
tions of ply angle a.
The general observations assuming the decomposition in
groups of input parameters are:
– The amplitude of variations of uncertainty propagation
in maximum displacement response along the ply-angle
domain is lower than the ones in critical Tsai number
response, for all input parameter groups.
– The variations in C:V:u are high over interval [0, 90]
for uncertainties in ply thickness (h) input parameter
group for all composite systems. The variations are also
high in ply angle (a) input parameter groups for CFRP
composite system and the interval [25, 65] should be
avoided for robust design.E2 [GPa] G12 [GPa] m
10.3 7.17 0.28
8.27 4.14 0.26
Y; Y0 [MPa] S [MPa] q [kg/m3]
40; 246 68 1600
31; 118 72 1800
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Fig. 2. Inﬂuence of anisotropy (ply angle a) on response functional u and R for three composite system of laminates used in shell structure.
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Fig. 3. Coeﬃcient of variation of structural response using Eq. (26), analysis for C.V.(p) = 6% in mechanical properties group (p). (a) Maximum
displacement C:V:uð%Þ; (b) critical Tsai number C:V:Rð%Þ.– The variations in C:V:R are particularly high for uncer-
tainty in ply angle (a), ply thickness (h) and mechanical
properties (p) input parameter groups. In general there is
a central zone of the domain that should be avoided for
robust design.
– The shape curves of uncertainty propagation in maxi-
mum displacement response are similar for all input
parameter groups considering the three composite sys-
tems. This is related to linear relationship between loads
versus displacement existing in equilibrium Eq. (13). For
critical Tsai number the shape curves depend strongly
on the type of input parameter group and composite
system.– The use of multi-materials as GFRP (1) & CFRP (2)
composite systems has advantages considering the
uncertainty propagation in maximum displacement
response in particularly for uncertainty in ply angle (a)
input parameter group.
Using the variance–covariance matrix CW presented in
Eq. (24) and the deﬁnition (26) it is possible to analyse
the joint eﬀects of all input parameters for the uncertainties
propagation on the structural response. Fig. 7 shows the
behaviours of both coeﬃcient of variation C:V:uð%Þ and
C:V:Rð%Þ as functions of the anisotropy based on ply
angle a.
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Fig. 4. Coeﬃcient of variation of structural response using Eq. (26), analysis for standard deviation, r(a) = 5, in ply angle group (a). (a) Maximum
displacement C:V:uð%Þ; (b) critical Tsai number C:V:Rð%Þ.
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Fig. 5. Coeﬃcient of variation of structural response using Eq. (26), analysis for C.V.(h) = 6% in laminate thickness group (h). (a) Maximum displacement
C:V:uð%Þ; (b) critical Tsai number C:V:Rð%Þ.The general observations considering the joint contribu-
tion of all input parameters are:
– The interval of variation of uncertainty propagation on
response along the ply angle a domain is [13%, 19%] for
C:V:uð%Þ and [10%, 20%] for C:V: Rð%Þ.
– The set of values of ply angle a belonging to the interval
[25, 75] should be avoided due to large coeﬃcient of
variation C:V:Rð%Þ.
The local importance measure of each input parameter
group based on coeﬃcient of variation can be obtained
analysing the graphs from Figs. 3–6 compared with thejoint eﬀects represented in Fig. 7. The other local impor-
tance measure is the explained variance done by Eq. (32).
The explained variance of maximum displacement
varð uðXgÞÞ and critical Tsai number varð RðXgÞÞ both using
Eq. (32) based on decomposition by groups and local mea-
sures of uncertainty propagation is presented in Figs. 8 and
9. The analysis was implemented for composite systemGFRP
(1) & CFRP (2) on structure. It is clear from Fig. 8 that the
thickness input parameter group is the most important for
uncertainty propagation in maximum displacement response.
On other way, the explained variance of critical Tsai number
response shows that the most important input parameter
group depends on the ply angle a as shown in Fig. 9.
C.V.(F)=6% 
0
1
2
3
4
5
6
7
ply angle, a [º]
C
.V
. u
 (%
) . 
GFRP, E-glass/epoxy (1)
 CFRP, T300/N5208 (2)
GFRP (1)  & CFRP (2)
C.V. (F)=6%
0
1
2
3
4
5
6
7
8
ply angle, a  [º]
C
.V
. R
 (%
) . 
GFRP, E-glass/epoxy (1)
 CFRP, T300/N5208 (2)
GFRP (1)  & CFRP (2)
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
a b
Fig. 6. Coeﬃcient of variation of structural response using Eq. (26), analysis for C.V.(F) = 6% in vertical point loads (F). (a) Maximum displacement
C:V:uð%Þ; (b) critical Tsai number C:V:Rð%Þ.
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Fig. 7. Coeﬃcient of variation of structural response using Eq. (26), analysis for simultaneous variation of all input groups. (a) Maximum displacement
C:V:uð%Þ; (b) critical Tsai number C:V:Rð%Þ.The previous uncertainty propagation analysis grouping
the input parameters and the joint analysis should be driven
considering the behaviour of maximum displacement on the
structure u and the critical Tsai number R response functions
over the space design of ply angle a. The objective is to ﬁnd a
good compromise between structural response values and
the minimisation of uncertainty eﬀect on response.
6.2. Global Sensitivity Analysis (GSA) applications
In this section the global variance-based method and
Monte Carlo simulation proposed in Section 4 is applied
to the same shell structure shown in Fig. 1 with all lami-
nates built using the CFRP, T300/N5208 (2) composite sys-tem. Furthermore considering the four laminates
distributed on composite structure the mechanical proper-
ties are grouped as follows:
– The longitudinal elastic modulus group E1 for E1,j,
j = 1, . . . , 4.
– The transversal elastic modulus group E2 for E2,j,
j = 1, . . . , 4.
– The transversal strength group Y for Yj, j = 1, . . . , 4.
– The shear strength group S for Sj, j = 1, . . . , 4.
Then, let us consider the vector of input parameter
groups p = {E1,E2,Y,S} following a normal distribution
N with mean pi and standard deviation ri represented by
0%
10%
20%
30%
40%
50%
60%
70%
80%
90%
100%
ply angle, a [º]
Ex
pl
ai
ne
d 
va
ria
nc
e,
 v
ar
(u
(x
g)
)
var(p) var(a) var(h) var(F)
0 10 20 30 40 50 60 70 80 90
Fig. 8. Explained variance of maximum displacement varðuðXgÞÞ using
decomposition by groups of input parameters based on local importance
measure from Eq. (32). Analysis implemented for composite system
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Fig. 10. Global variance varðRÞ, explained by ﬁrst-order sensitivity index
Si for input parameters p = {E1,E2,Y,S} and CFRP, T300/N5208
composite system.pi 	 Nðpi; riÞ In particular the statistical values of non-cor-
related input parameters are:
E1 	 Nð181:000; 10:860Þ GPa
E2 	 Nð10:300; 0:618Þ GPa
Y 	 Nð40:000; 2:400Þ MPa
S 	 Nð6:800; 4:080Þ MPa
ð56Þ
The formulation presented in Section 4 is implemented for
critical Tsai number response functional R and using the
above mechanical properties as input parameters. To ex-plain the global variance varðRÞ as a contribution of the
partial variance associated to each input parameter group
and further to calculated the respective importance mea-
sure the global ﬁrst-order sensitivity index deﬁned in Eq.
(35) or (49) is used.
For the Monte Carlo simulation algorithm proposed in
Section 4.2 the size samples are deﬁned as follows:
– a set of random numbers, Nf = 50, following a normal
distribution N(0,1) to generate the ﬁxed values of input
parameters;
– a sample matrix Ma with dimension Nr  (p  1) =
100  3 to simulate the non-ﬁxed input parameters.
A total of ﬁve thousand simulations was considered in
Monte Carlo simulations (Nf  Nr) to estimate the variance
of conditional expectation of structural response
varðEhRjpiiÞ according to Eq. (46). The simulation process
is implemented for each input parameter group
pi,i = 1, . . . , 4 and the global variance varðRÞ can be esti-
mated from the twenty thousand simulations following
Eqs. (48) and (49).
An important aspect of the present work is to study the
inﬂuence of anisotropy in the uncertainty propagation on
structural response. Then, GSA is implemented as a func-
tion of ply angle a. Fig. 10 shows the global variance
varðRÞ, explained by ﬁrst-order sensitivity index Si for input
parameter groups p = {E1,E2,Y,S} and CFRP, T300/
N5208 composite system:
Si ¼ varðEhRjpiiÞ
varðRÞ  100ð%Þ; i ¼ 1; . . . ; 4 ð57Þ
Table 2
Ranking of input parameters importance in uncertainty on response functional R
Ranking Ply angle a
0 10 20 30 40 50 60 70 80 90
1st Y Y Y Y E1 S S Y Y Y
2nd E2 E2 E2 E2 Y E1 Y S S E1
3rd E1 S E1 E1 E2 E2 E1 E1 E2 E2
4th S E1 S S S Y E2 E2 E1 S
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
0.16
0.18
va
r(
R
) ,
  p
 ~
  N
( π
 
, σ
)
minimum variance
maximum variance
mean variance, from eq.(54)
ply angle, a [º]
0 10 20 30 40 50 60 70 80 90
Fig. 11. Global variance varðRÞ from local measure, for input parameters
p = {E1,E2,Y,S} and composite system CFRP, T300/N5208 (2).The aim of this modelling is to rank the input parameters
according to variance response measure. Input parameters
with higher contribution for conditional variance
varðEhRjpiiÞ will have higher-sensitivity index Si taken as
the global uncertainty importance measure of the input
parameter pi. It is evident from Fig. 10 that the most
important input parameter along ply-angle domain is the
transversal strength group Y except for a short interval
[40, 60] where the longitudinal elastic modulus E1 and
shear strength S are important. In Table 2 it is ranked
the input parameters importance based on uncertainty
propagation on response functional R obtained from GSA.
6.3. Global variance from local measure
The idea is to test the approach proposed in Section 5
using the shell structure example of Fig. 1 for CFRP,
T300/N5208 (2) composite system. The results are obtained
considering the same groups of input parameters adopted
in the previous section. The sample matrix Mp0 of nominal
values with dimension Ns  p = 100  4 was generated
based on statistical data deﬁned in Eq. (56). The vari-
ance–covariance matrix CkW deﬁned in Eq. (52) is evaluated
for each kth nominal values for non-correlated input
parameters. In this simulation it is assumed that the stan-
dard deviation doesn’t varie for each nominal value of
input parameter. Finally the average of variance of output
response function R is estimated from
EðvarðRÞÞ ¼ 1
N s
XN s
k¼1
varðRÞk ð58Þ
Fig. 11 shows the intervals of variation of varðRÞ over
sample matrix Mp0 of nominal values of input parameter
groups p = {E1,E2,Y,S}. The inﬂuence of anisotropy
was studied and the results are referred to ply angle a
domain [0, 90]. The minimum values are close to aver-
age of varðRÞ. This means that values above average of
varðRÞ are not frequent. The variance of Tsai number re-
sponse functional is low and doesn’t change on interval
[0, 30].
6.4. Needs for global sensitivity analysis (GSA)
A comparison between local and global variance mea-
sures is established aiming to study the needs for a more
expensive uncertainty analysis on response as supportedby GSA. Let us consider the example of Fig. 1 using the
CFRP, T300/N5208 (2) composite system and the same
statistical data deﬁned in Sections 6.2 and 6.3 for input
parameter groups p = {E1,E2,Y,S}. The methodologies
discussed previously are compared:
– The variance varðRÞ obtained from local importance
measure methodology through Eq. (26) calculated
around the nominal values (Section 3).
– Global variance varðRÞ estimated from Monte Carlo
method deﬁned in Eqs. (47) and (48) after 20000
simulations.
– The global variance estimated by the average of variance
of output response function R as deﬁned in Section 5
and Eq. (58).
Fig. 12 shows response variance varðRÞ obtained using
the referred methodologies over ply angle a domain. The
three curves are close and only diverge shortly in interval
[75, 90]. This means that for ply-angle laminates as
[+a/ + a/  a/  a]s, the GSA is not necessary.
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Fig. 12. Comparison of varðRÞ obtained using three diﬀerent methods, for
input parameters p = {E1,E2,Y,S} and composite system CFRP, T300/
N5208 (2).7. Conclusions
The uncertainty propagation on structural response of
composites was studied in this paper using three diﬀerent
approaches: a ﬁrst-order local method, a Global Sensitivity
Analysis supported by a variance-based method and an
extension of local variance to estimate the global variance
over all domain of inputs. The objective is to discuss the
advantages of less expensive local analysis versus more
accurate analysis performed by Global Sensitivity Analysis.
Sample results are shown for shell composite laminated
structures built with diﬀerent composite systems including
multi-materials. The importance measures of input param-
eters on structural response based on numerical results was
established and discussed as a function of anisotropy of
composite materials. The needs for global variance meth-
ods are discussed by comparing the results obtained from
proposed methodologies. The results show that a ﬁrst-
order local method is acceptable to analyse the uncertainty
propagation on response for angle-ply laminates. On other
hand the validation of results was reached with the per-
formed analysis.The uncertainty analysis is very useful in designing lam-
inated composite structures minimizing the unavoidable
eﬀects of input parameter uncertainties on structural
reliability.
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